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Abstrat. This paper desribes the mehanization of the proofs of the
rst height hapters of Shwabäuser, Szmielew and Tarski's book: Meta-
mathematishe Methoden in der Geometrie. The goal of this development
is to provide foundations for other formalizations of geometry and imple-
mentations of deision proedures. We ompare the mehanized proofs
with the informal proofs. We also ompare this piee of formalization
with the previous work done about Hilbert's Grundlagen der Geome-
trie. We analyze the dierenes between the two axiom systems from the
formalization point of view.
1 Introdution
Eulid is onsidered as the pioneer of the axiomati method, in the Elements,
starting from a small number of self-evident truths, alled postulates, or ommon
notions, he derives by purely logial rules most of the geometrial fats that were
disovered in the two or three enturies before him. But upon a loser reading
of Eulid's Elements, we nd that he does not adhere as stritly as he should to
the axiomati method. Indeed, at some steps in ertain proofs he uses a method
of superposition of triangles and this kind of justiations an not be derived
from his set of postulates.
In 1899, in der Grundlagen der Geometrie, Hilbert proposed a new axiom
system to ll the gaps in Eulid's system.
Reently, the task onsisting in mehanizing Hilbert's Grundlagen der Ge-
ometrie has been partially ahieved. A rst formalization using the Coq proof
assistant [Coq04℄ was proposed by Christophe Dehlinger, Jean-François Dufourd
and Pasal Shrek [DDS00℄. This rst approah was realized in an intuitionist
setting, and onluded that the deidability of point equality and ollinearity
is neessary to perform Hilbert's proofs. Another formalization using the Is-
abelle/Isar proof assistant [Pau℄ was performed by Jaques Fleuriot and Laura
Meikle [MF03℄. These formalizations have onluded that Hilbert proofs are in
fat not fully formal
1
, in partiular degenerated ases are often impliit in the
1
Note that in the dierent editions of die Grundlagen der Geometrie the axioms were
hanged, but the proofs were note always hanged aordingly.
2presentation of Hilbert. The proofs an be made more rigorous by mahine as-
sistane.
In the early 60s, Wanda Szmielew and Alfred Tarski started the projet of
a treaty about the foundations of geometry based on another axiom system for
geometry designed by Tarski in the 20s
2
. A systemati development of eulidean
geometry was supposed to onstitute the rst part but the early death of Wanda
Szmielew put an end to this projet. Finally, Wolfram Shwabhäuser ontinued
the projet of Wanda Szmielew and Alfred Tarski. He published the treaty in
1983 in German: Metamathematishe Methoden in der Geometrie [SST83℄. In
[Qua89℄, Art Quaife uses a general purpose theorem prover to automate the proof
of some lemmas in Tarki's geometry. In this paper we desribe our formalization
of the rst eight hapters of the book of Wolfram Shwabhäuser,Wanda Szmielew
and Alfred Tarski in the Coq proof assistant.
We will rst desribe the dierent axioms of Tarski's geometry and give an
history of the dierent versions of this axiom system. Then we present our for-
malization of the axiom system and the mehanization of one example theorem.
Finally we ompare our formalization with existing ones and ompare Tarski's
axiomati system with Hilbert's system from the mehanization point of view.
2 Motivations
We aim at two appliations: the rst one is the use of a proof assistant in the
eduation to teah geometry [Nar05℄, the seond one is the proof of programs in
the eld omputational geometry.
These two themes have already been addressed by the ommunity. Frédérique
Guilhot has realized a large Coq development about eulidean geometry as it
taught in frenh highshool [Gui05℄. Conerning the proof of programs in the
eld of omputational geometry we an ite the formalization of onvex hulls
algorithms by David Pihardie and Yves Bertot in Coq [PB01℄ and by Laura
Meikle and Jaques Fleuriot in Isabelle [MF05℄. In [Nar04℄, we have presented
the formalization and implementation in the Coq proof assistant of the area
deision proedure of Chou, Gao and Zhang [CGZ94℄.
Formalizing geometry in a proof assistant has not only the advantage of
providing a very high level of ondene in the proof generated, it also permits
to ombine proofs about geometry with other kind of proofs suh as the proof
of the orretness of a program for instane. The goal whih onsist in using
the same formal development about geometry for dierent purposes an only be
ahieved if we use the same axiomati system. This is not the ase for the time
being.
The goal of our mehanization is to do a rst step in this diretion. We aim
at providing very lear foundations for other formalizations of geometry and
implementations of deision proedures.
2
These historial piees of information are taken from the introdution of the publi-
ation by Givant in 1999 [TG99℄ of a letter from Tarski to Shwabhäuser (1978).
3Compared to Frédérique Guilhot formalization [Gui05℄, our development
should be onsidered low level. Our formalization has the advantage of being
based on the axiom system of Tarski whih is of an extreme simpliity: two
prediates and eleven axioms. But this simpliity has a prie, our formalization
is not adapted to the ontext of eduation. Indeed, some intuitively simple prop-
erties are hard to prove in this ontext. For instane, the proof of the existene
of the midpoint of segment is obtained only at the end of the eighth hapter
after about 150 lemmas and 4000 lines of proof. The small number of axioms
impose a sheduling of the lemmas whih is not always intuitive (some simple
properties an only be proved late in the development).
3 Tarski's axiom system
Alfred Tarski worked on the axiomatization and meta-mathematis of eulidean
geometry from 1926 until his death in 1983. Several axiom systems were produed
by Tarski and his students. In this setion, we rst give an informal desription
of the propositions whih appeared in the dierent versions of Tarski's axiom
system, then we provide an history of these versions and nally we present the
version we have formalized.
The axioms are based on rst order logi and two prediates: betweeness
and equidistane (or ongruene). The ternary betweeness prediate β AB C
informally states that B lies on the line AC between A and C. The quaternary
equidistane prediate AB ≡ CD informally means that the distane from A to
B is equal to the distane from C to D. In Tarski's geometry, only a set of points
is assumed. In partiular, lines are dened by two distint points
3
.
3.1 Axioms
We reprodue here the list of propositions whih appear in the dierent versions
of Tarski's axiom system. We adopt the same numbering as in [TG99℄. Free
variables are onsidered to be impliitly quantied universally.
1 Reexivity for equidistane
AB ≡ BA
2 Pseudo-transitivity for equidistane
AB ≡ PQ ∧AB ≡ RS ⇒ PQ ≡ RS
3 Identity for equidistane
AB ≡ CC ⇒ A = B
3
In Hilbert's axiom system lines and planes are not dened but assumed.
44 Segment onstrution
∃X,β QAX ∧AX ≡ BC
The segment onstrution axiom states that one an build a point on a ray
at a given distane.
b
Q
b
A
b
B
b
C
b
X
Fig. 1. Segment onstrution
5 Five segments
A 6= B ∧ β AB C ∧ β A′B′ C′∧
⇒ CD ≡ C′D′
AB ≡ A′B′ ∧BC ≡ B′C′ ∧AD ≡ A′D′ ∧BD ≡ B′D′
51 Five segments (variant)
A 6= B ∧B 6= C ∧ β AB C ∧ β A′B′ C′∧
⇒ CD ≡ C′D′
AB ≡ A′B′ ∧BC ≡ B′C′ ∧AD ≡ A′D′ ∧BD ≡ B′D′
This seond version diers from the rst one only by the ondition B 6= C.
6 Identity for betweeness
β ABA⇒ A = B
The original Pash axiom states that if a line intersets one side of a triangle
and misses the three vertexes, then it must interset one of the other two sides.
7 Pash (inner form)
β AP C ∧ β BQC ⇒ ∃X,β P X B ∧ β QX A
71 Pash (outer form)
β AP C ∧ β QC B ⇒ ∃X,β AX Q ∧ β B P X
5b
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Fig. 2. Axioms of Pash
72 Pash (outer form) (variant)
β AP C ∧ β QC B ⇒ ∃X,β AX Q ∧ β X P B
73 weak Pash
β AT D ∧ β BDC ⇒ ∃X,Y, β AX B ∧ β AY C ∧ β Y T X
Dimension axioms provide upper and lower bound for the dimension of the
spae. Note that lower bound axioms for dimension n are the negation of upper
bound axioms for the dimension n− 1.
8(2) Dimension, lower bound 2
∃ABC,¬β AB C ∧ ¬β B C A ∧ ¬β C AB
There are three non ollinear points.
8(n) Dimension, upper bound n
∃ABCP1P2 . . . Pn−1,
∧
1≤i<j<n Pi 6= Pj∧∧n−1
i=2 AP1 ≡ APi ∧BP1 ≡ BPi ∧ CP1 ≡ CPi∧
¬β AB C ∧ ¬β B C A ∧ ¬β C AB
9(1) Dimension, upper bound 1
β AB C ∨ β B C A ∨ β C AB
Three points are always on the same line.
9(n) Dimension, upper bound n
∧
1≤i<j≤n Pi 6= Pj∧∧n
i=2 AP1 ≡ APi ∧BP1 ≡ BPi ∧ CP1 ≡ CPi
⇒ β AB C ∨ β B C A ∨ β C AB
691(2) Dimension, upper bound 2 (variant)
4
∃Y, (ColXY A ∧ β B Y C) ∨ (ColXY B ∧ β C Y A) ∨ (ColXY C ∧ β AY B)
10 Eulid's axiom
β ADT ∧ β BDC ∧A 6= D ⇒ ∃X,Y β ABX ∧ β AC Y ∧ β X T Y
101 Eulid's axiom (variant)
β ADT ∧ β BDC ∧A 6= D ⇒ ∃X,Y β ABX ∧ β AC Y ∧ β Y T X
11 Continuity
∃a, ∀xy, (x ∈ X ∧ y ∈ Y ⇒ β a x y) ⇒ ∃b, ∀xy, x ∈ X ∧ y ∈ Y ⇒ β x b y
Shema 11 Elementary Continuity (shema)
∃a, ∀xy, (α ∧ β ⇒ β a x y) ⇒ ∃b, ∀xy, α ∧ β ⇒ β x b y
where α and β are rst order formulas, suh that a,b and y do not appear free
in α; a,b and x do not appear free in β.
A geometry dened by the elementary ontinuity axiom shema instead of
the higher order ontinuity axiom is alled elementary.
12 Reexivity of β
β ABB
B is always between A and B.
14 Symmetry of β
β AB C ⇒ β C BA
If B is between A and C then B is between C and A.
13 Compatibility of equality with β
A = B ⇒ β ABA
19 Compatibility of equality with ≡
A = B ⇒ AC ≡ BC
4 ColABC is dened by β AB C ∨ β B C A ∨ β C AB
715 Transitivity (inner) of β
β ABD ∧ β B C D ⇒ β AB C
16 Transitivity (outer) of β
β AB C ∧ β B C D ∧B 6= C ⇒ β ABD
17 Connetivity (inner) of β
β ABD ∧ β AC D ⇒ β AB C ∨ β AC B
18 Connetivity (outer) of β
β AB C ∧ β ABD ∧A 6= B ⇒ β AC D ∨ β ADC
20 Triangle onstrution uniity
AC ≡ AC′ ∧BC ≡ BC′∧
β ADB ∧ β AD′B ∧ β C DX∧
β C′D′X ∧D 6= X ∧D′ 6= X
⇒ C = C′
201 Triangle onstrution uniity (variant)
A 6= B∧
AC ≡ AC′ ∧BC ≡ BC′∧
β BDC′ ∧ (β ADC ∨ β AC D)
⇒ C = C′
21 Triangle onstrution existene
AB ≡ A′B′ ⇒ ∃CX,
AC ≡ A′C′ ∧BC ≡ B′C′∧
β C X P ∧ (β ABX ∨ β BX A ∨ β X AB)
3.2 History
Tarski began to work on his axiom system in 1926 and presented it during his
letures at Warsaw university
5
. He submitted it for publiation in 1940 and
was rst published in his rst form in 1967 [Tar67℄. This version ontains 20
axioms and one shema. A seond version, a bit simpler was published in [Tar51℄.
This rst simpliation onsist only in onsidering a logi with built-in equality,
axioms 13 and 19 are then useless. This seond version was further simplied
by Eva Kallin, Sott Taylor and Tarski into a system of twelve axioms [Tar59℄.
The last simpliation was obtained by Gupta in its thesis [Gup65℄, he gives the
proof that two more axioms an be derived from the remaining ones.
Figure 3 gives the list of axioms ontained in eah of these axiom systems.
Figure 4 provides the nal list of axioms that we used in our formalization.
5
We use [TG99℄ and the footnotes in [Tar51℄ to give a quik history of the dierent
versions of Tarski's axiom system.
8Year : 1940 1951 1959 1965 1983
Referene : [Tar67℄ [Tar51℄ [Tar59℄ [Gup65℄ [SST83℄
Axioms : 1 1 1 1 1
2 2 2 2 2
3 3 3 3 3
4 4 4 4 4
51 51 5 5 5
6 6 6 6
72 72 71 71 7
8(2) 8(2) 8(2) 8(2) 8(2)
91(2) 91(2) 9(2) 9(2) 9(2)
10 10 101 101 10
11 11 11 11 11
12 12
13
14 14
15 15 15 15
16 16
17 17
18 18 18
19
20 → 201
21 21
Nb of axioms : 20 18 12 10 10
+ + + + +
1 shema 1 shema 1 shema 1 shema 1 shema
Fig. 3. History of Tarski's axiom systems.
Identity β ABA⇒ (A = B)
Pseudo-Transitivity AB ≡ CD ∧ AB ≡ EF ⇒ CD ≡ EF
Reexivity AB ≡ BA
Identity AB ≡ CC ⇒ A = B
Pash ∃X,β AP C ∧ β B QC ⇒ β P xB ∧ β QxA
Eulid ∃XY, β ADT ∧ β BDC ∧ A 6= D⇒
β P xB ∧ β QxA
5 segments
AB ≡ A′B′ ∧BC ≡ B′C′∧
AD ≡ A′D′ ∧BD ≡ B′D′∧
β AB C ∧ β A′ B′ C′ ∧ A 6= B ⇒ CD ≡ C′D′
Constrution ∃E,β AB E ∧BE ≡ CD
Lower Dimension ∃ABC,¬β AB C ∧ ¬β B C A ∧ ¬β C AB
Upper Dimension AP ≡ AQ ∧BP ≡ BQ ∧ CP ≡ CQ ∧ P 6= Q
⇒ β AB C ∨ β B C A ∨ β C AB
Continuity ∀XY, (∃A, (∀xy, x ∈ X ∧ y ∈ Y ⇒ β Axy)) ⇒
∃B, (∀xy,x ∈ X ⇒ y ∈ Y ⇒ β xB y).
Fig. 4. Tarski's axiom system (Formalized version - 11 axioms).
94 Formalization in Coq
The mehanization of the proof we have realized prove formally that the simpli-
ations of the rst version of Tarski's axiom system are orret. The unneessary
axioms are derived from the remaining ones.
Now, we provide a quik overview of the ontent of eah hapter. We will
only detail an example proof in the next setion.
The rst hapter ontains the axioms and the denition of the ollinearity
prediate (noted Col).
The seond hapter ontains some basi properties of the equidistane pred-
iate (noted Cong). It ontains also the proof of the uniity of the point
onstruted thanks to the segment onstrution axiom.
The third hapter ontains some properties of the betweeness prediate (no-
ted Bet). It ontains in partiular the proof of the axioms 12, 14 and 16.
The fourth hapter ontains the proof of several properties of Cong, Col and
Bet.
The fth hapter ontains some pseudo-transitivity properties of betweeness
and the denition of the length omparison prediate (noted le) with some
assoiated properties. It inludes in partiular the proofs of the axioms 17
and 18.
The sixth hapter denes the out prediate whih means that a point lies on
a line out of a segment. This prediate is used to prove some other properties
of Cong, Col and Bet suh as transitivity properties for Col.
The seventh hapter denes the midpoint of a segment and symmetri points.
It has to be noted that at this step the existene of the midpoint is not de-
rived yet.
The eighth hapter ontains the denition of the perpendiular prediate (no-
ted Perp), and the proof of some related properties suh as the existene of
the foot of the perpendiular. Finally, the existene of the midpoint of a
segment is derived.
4.1 Two ruial lemmas
Our formalization follows stritly the lines of the book by Shwabhäuser, Szmielew
and Tarski exept in the fth hapter where we introdue two ruials lemmas
whih do not appear in the original text. These two lemmas allows to dedue
the equality of two points whih lie on a segment under an hypotheses involving
distanes.
∀ABC, β AB C ∧AC ≡ AB ⇒ C = B
b b b
A B C
10
∀ABDE, β ADB ∧ β AE B ∧AD ≡ AE ⇒ D = E.
b bb b
A BD E
4.2 A omparison between the formal and informal proofs
We reprodue here one of the non trivial proofs: the proof due to Gupta [Gup65℄
that axiom 18 an be derived from the remaining ones. We translate the proof
from [SST83℄ and provide in parallel the mehanized proof as a Coq sript.
For the reader not familiar with the Coq proof assistant, we provide a quik
informal explanation of the role of the main tatis we use in this proof.
assert is used to state what we want to prove. When it is followed by . . .  this
means that this assertion an be proved automatially.
DeompExAnd , given an existential hypotheses, introdues the witness of the
existential and deompose the knowledge about it.
apply is used to apply a lemma or theorem.
Tarski,sTarski,Between,. . . are automati tatis whih try to prove the ur-
rent goal. Informally this an be read as by simple properties of betweeness
or by diret appliation of one of the axioms.
unfold replaes something by its denition.
ases_equality perform a reasoning by ases on the equality of two points.
b b
b
b
b
b
b
b
A B
D C'
B'
B
C D'
E
Fig. 5. Proof of axiom 18
Theorem 1 (Gupta). A 6= B ∧ β AB C ∧ β ABD ⇒ β AC D ∨ β ADC
Preuve: Let C′ and D′ be points suh that :
β ADC′ ∧DC′ ≡ CD and β AC D′ ∧ CD′ ≡ CD
11
assert (exists C', Bet A D C' /\ Cong D C' C D)...
DeompExAnd H2 C'.
assert (exists D', Bet A C D' /\ Cong C D' C D)...
DeompExAnd H2 D'.
We have to show that C = C′ or D = D′.
Let B and B′′ points suh that :
β AC′B′ ∧ C′B′ ≡ CB and β AD′B′′ ∧D′B′′ ≡ DB
assert (exists B', Bet A C' B' /\ Cong C' B' C B)...
DeompExAnd H2 B'.
assert (exists B'', Bet A D' B'' /\ Cong D' B'' D B)...
DeompExAnd H2 B''.
Using the lemma 2.11
6
we an dedue that BC′ ≡ B′′C and that BB′ ≡ B′′B.
assert (Cong B C' B'' C).
eapply l2_11.
3:apply ong_ommutativity.
3:apply ong_symmetry.
3:apply H11.
Between.
Between.
esTarski.
assert (Cong B B' B'' B).
eapply l2_11;try apply H2;Between.
By uniity of the segment onstrution, we know that B′′ = B′.
assert (B''=B').
apply onstrution_uniity with
(Q:=A) (A:=B) (B:=B'') (C:=B) (x:=B'') (y:=B');Between...
smart_subst B''.
We know that FSC
(
BCD′C′
B′C′DC
)
(The points form a ve segments onguration).
assert (FSC B C D' C' B' C' D C).
unfold FSC;repeat split;unfold Col;Between;sTarski.
2:eapply ong_transitivity.
2:apply H7.
2:sTarski.
apply l2_11 with (A:=B) (B:=C) (C:=D') (A':=B') (B':=C') (C':=D);
Between;sTarski;esTarski.
Hene C′D′ ≡ CD (beause if B 6= C the ve segments axiom gives the onlu-
sion and if B = C we an use the hypotheses).
6
The lemma 2.11 states that β ABC ∧ β A′ B′ C′ ∧ AB ≡ A′B′ ∧ BC ≡ B′C′ ⇒
AC ≡ A′C′.
12
assert (Cong C' D' C D).
ases_equality B C.
(* First ase *)
treat_equalities.
eapply ong_transitivity.
apply ong_ommutativity.
apply H11.
Tarski.
(* Seond ase *)
apply ong_ommutativity.
eapply l4_16;try apply H3...
Using the axiom of Pash, there is a point E suh that :
β C E C′ ∧ β DED′
assert (exists E, Bet C E C' /\ Bet D E D').
eapply inner_pash;Between.
DeompExAnd H13 E.
We an dedue that IFS
(
ded′c
ded′c′
)
and IFS
(
cec′d
cec′d′
)
.
assert (IFSC D E D' C D E D' C').
unfold IFSC;repeat split;Between;sTarski.
eapply ong_transitivity.
apply ong_ommutativity.
apply H7.
sTarski.
assert (IFSC C E C' D C E C' D').
unfold IFSC;repeat split;Between;sTarski.
eapply ong_transitivity.
apply ong_ommutativity.
apply H5.
sTarski.
Hene EC ≡ EC′ and ED ≡ ED′.
assert (Cong E C E C').
eapply l4_2;eauto.
assert (Cong E D E D').
eapply l4_2;eauto.
Suppose that C 6= C′. We have to show that D = D′7.
7
Note that this step uses the deidability of equality between two points.
13
ases_equality C C'.
smart_subst C'.
assert (E=C).
eTarski.
smart_subst E.
unfold IFSC, FSC,Cong_3 in *;intuition.
From the hypotheses, we an infer that C 6= D′.
assert (C<>D').
unfold not;intro.
treat_equalities...
Using the segment onstrution axiom, we know that there are points P , Q and
R suh that :
β C′ C P ∧ CP ≡ CD′ and β D′ C R ∧ CR ≡ CE and β P RQ ∧RQ ≡ RP
assert (exists P, Bet C' C P /\ Cong C P C D')...
DeompExAnd H21 P.
assert (exists R, Bet D' C R /\ Cong C R C E)...
DeompExAnd H21 R.
assert (exists Q, Bet P R Q /\ Cong R Q R P)...
DeompExAnd H21 Q.
Hene FSC
(
D′CRP
PCED′
)
, so RP ≡ ED′ and RQ ≡ ED.
assert (FSC D' C R P P C E D').
unfold FSC;unfold Cong_3;intuition...
eapply l2_11.
apply H25.
3:apply H26.
Between.
sTarski.
assert (Cong R P E D').
eapply l4_16.
apply H21.
auto.
assert (Cong R Q E D).
eapply ong_transitivity.
apply H28.
eapply ong_transitivity.
apply H22.
sTarski.
We an infer that FSC
(
D′EDC
PRQC
)
,
14
assert (FSC D' E D C P R Q C).
unfold FSC;unfold Cong_3;intuition...
eapply l2_11.
3:eapply ong_ommutativity.
3:eapply ong_symmetry.
3:apply H22.
Between.
Between.
sTarski.
so using lemma 2.11 we an onlude that D′D ≡ PQ and CQ ≡ CD (beause
the ase D′ 6= E is solved using the ve segments axiom, and in the other ase
we an dedue that D′ = D and P = Q).
ases_equality D' E.
(* First ase *)
treat_equalities...
sTarski.
(* Seond ase *)
eapply l4_16;eauto.
Using the theorem 4.17
8
, as R 6= C and R, C and D′ are ollinear we an
onlude that D′P ≡ D′Q.
assert (R<>C).
unfold not;intro.
treat_equalities...
assert (Cong D' P D' Q).
apply l4_17 with (A:=R) (B:=C) (C:=D').
assumption.
3:apply H32.
unfold Col;left;Between.
sTarski.
As C 6= D′, Col CD′B and Col CD′B′, we an also dedue that BP ≡ BQ
and B′P ≡ B′Q.
assert (Cong B P B Q).
eapply l4_17; try apply H20;auto.
unfold Col;right;right;Between.
(* *)
assert (Cong B' P B' Q).
eapply l4_17 with (C:=B').
apply H20.
8
The theorem 4.17 states that A 6= B ∧ ColABC ∧ AP ≡ AQ ∧ BP ≡ BQ⇒ CP ≡
CQ.
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unfold Col.
Between.
assumption.
assumption.
As C 6= D′, we have B 6= B′ and as Col BC′B′ we have C′P ≡ C′Q.
ases_equality B B'.
subst B'.
unfold IFSC,FSC, Cong_3 in *;intuition.
lean_dupliated_hyps.
lean_trivial_hyps.
assert (Bet A B D').
Between.
assert (B=D').
eTarski.
treat_equalities.
Tarski.
assert (Cong C' P C' Q).
eapply l4_17.
apply H37.
unfold Col;right;left;Between.
auto.
auto.
As C 6= C′ and Col C′CP we have PP ≡ PQ.
assert (Cong P P P Q).
eapply l4_17.
apply H19.
unfold Col;right;right;Between.
auto.
auto.
Using the identity axiom for equidistane, we an dedue that P = Q.
assert (P=Q).
eapply ong_identity.
apply ong_symmetry.
apply H39.
As PQ ≡ D′D, we also have D = D′.
subst Q.
assert (D=D').
eapply ong_identity with (A:=D) (B:=D') (C:=P).
unfold IFSC,FSC, Cong_3 in *;intuition.
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The proof is nished.
assert (E=D).
eTarski.
unfold IFSC,FSC, Cong_3 in *;intuition.
4.3 About degenerated ases
Every paper about the formalization of geometry, in partiular those about
Hilbert's foundations of geometry [DDS00,MF03℄ emphasizes the problem of
the degenerated ases. The degenerated ases are limit ases suh as when two
points are equals, three points are ollinear or two lines are parallel. The for-
mal proof of the theorems in the degenerated ases is often tedious and even
sometimes diult. These ases often do not even appear in the informal proof
9
.
In order to limit the size of the proofs, we tried to automate some tasks. These
piees of automation should not be ompared with the highly suessfull deision
proedures for geometry, the goal is just to automate some easy but very tedious
proofs and as our goal is to build foundations for the implementation of deision
proedures we an not use these more powerful proedures.
The main tati to deal with degenerated ases is alled treat_equalities.
The basi idea is to propagate information about degenerated ases. For instane,
if we know that A = B and AB ≡ CD we an dedue that C = D. This is very
simple but it shortens the proofs of the degenerated ases quite eetively.
Moreover, we think that a soure of degenerated ases ome from the axiom
system. In our personal experiene the formalization of geometry using Hilbert
axioms lead to far more degenerated ases beause the axioms are not always
stated in the most general and uniform way. We think that Tarski's geometry is
a good andidate to mehanization beause it is very simple, it has good meta-
mathematial properties (f [Tar51℄) and it produes few degenerated ases.
4.4 Classial vs intuitionist logi.
Our formalization of Tarski's geometry is performed in the system Coq. As the
logi behind Coq is onstrutive, we need to tell Coq expliitly when we need
lassial logi. This is the ase in this development. It appears quite often in
the proofs that we need to distinguish between two ases suh that A = B
and A 6= B or ColABC and ¬ColABC. This kind of reasoning relies on the
deidability of point equality and ollinearity. We proved these two fats using
the exluded middle rule.
9
It seems that degenerated ases play the same role in geometry as α-onversion in
lambda alulus: they are a great soure of diulties in the ontext of a meha-
nization.
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5 Future work
A natural extension of our work onsist in mehanizing the remaining hapters
of [SST83℄ and proving the axioms of Hilbert. This work is under progress. We
also plan to enrih our formalization to use it as a foundation for other formal
Coq developments about geometry suh as Frédérique Guilhot formalization of
geometry as it is presented in the frenh urriulum [Gui05℄ and our implementa-
tion in Coq of the area method of Chou, Gao and Zhang [Nar04℄. A longer-term
hallenge would be to perform a systemati development of geometry similar to
the book of Shwabhäuser, Szmielew and Tarski but in the ontext of a on-
strutive axiom system suh as the axiom system of von Plato [vP95℄ whih has
already been formalized in the Coq proof assistant by Gilles Khan [Kah95℄
6 Conlusion
We have presented the mehanisation of the proofs of over 150 lemmas in the on-
text of Tarski's geometry. This inludes the formal proof that the simpliations
of the rst version of Tarski's axiom system are orrets. Our main onlusion
is that Tarski axiom system lead to more uniform proofs than Hilbert's axiom
system and so it is better suited for a formalization.
Availability
The full Coq development with the formal proofs and hypertext links to ease
navigation an be found at the following url :
http://www.lix.polytehnique.fr/Labo/Julien.Narboux/tarski.html
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